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Tradescantia fluminensis is an invasive plant species in New Zealand, Australia and parts of the United 11 
States. It reproduces vegetatively and can grow to form dense mats up to 60 cm deep. Growth is 12 
limited by available light and shading is one of the few effective methods of control. In this paper, we 13 
develop a dynamic model of a vertical cross-section of a T. fluminensis mat, capturing vertical variation 14 
in its biomass and internal light intensity. We measure both variables at different heights in 15 
experimental mats of the species and use these data to parameterize the model. The model produces 16 
realistic vertical biomass and light intensity profiles. We show that the mat grows to a steady state 17 
biomass that depends only on: (i) the light absorption coefficient, which we estimate from 18 
experimental data, and (ii) the ratio of photosynthesis to respiration rate. This steady state undergoes 19 
a transcritical bifurcation; when the ambient light intensity falls below a critical level, the biomass 20 
shrinks to zero and the mat cannot survive.  21 
 22 
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Tradescantia fluminensis Vell. (Scott & Priestley, 1925) is a ground-covering perennial herb native to 28 
South America that has established in native forest remnants in New Zealand, Australia and south 29 
eastern states of the United States. In New Zealand, T. fluminensis has few natural predators and, as 30 
a result, can grow to much higher biomass than in its native range (Kelly & Skipworth, 1984a). At these 31 
higher biomass levels, T. fluminensis forms a dense mat, up to 60 cm deep, which inhibits the growth 32 
of native seedlings, preventing native forest regeneration and leading to reduced invertebrate density 33 
(Toft, Harris, & Williams, 2001) and altered nutrient availability (Standish, 2004) and soil microfauna 34 
(Yeates & Williams, 2001). In New Zealand, T. fluminensis only spreads vegetatively. Its stems are easily 35 
broken and even small segments of plant have a high probability of survival and regrowth (Kelly & 36 
Skipworth, 1984a). Its prolific growth, lack of natural predators and ability to stifle regenerating native 37 
plants has led to T. fluminensis being included on New Zealand’s National Pest Plant Accord (MPI, 38 
2013), meaning it is banned from sale, propagation and distribution.  39 
The distribution of T. fluminensis is highly correlated with anthropogenic variables (Butcher & Kelly, 40 
2011). It is also light-sensitive: T. fluminensis biomass is positively correlated with light intensity, with 41 
the highest densities being found at light levels of up to 30–50% of open ground. For light levels above 42 
50% of open ground, the standing crop is still high but not related to light intensity (Maule et al., 1995). 43 
The abundance and richness of native seedlings decreases with increasing T. fluminensis biomass  44 
(McAlpine et al., 2015; Standish, 2002). This is thought to be a result of decreased light levels; below 45 
a mat of complete T. fluminensis cover, light level is reduced to less than 1%. Newly germinated seed 46 
are found underneath T. fluminensis ground coverage but most of these do not develop into seedlings 47 
(Kelly & Skipworth, 1984a; Standish, 2002).  48 
Control of T. fluminensis in New Zealand is mostly either by herbicide application or hand weeding. 49 
Neither of these methods can achieve complete removal and prevent regrowth (Kelly & Skipworth, 50 
1984b), so artificial shading has been suggested as another possible control method (Standish, 2002). 51 
Shading is not intended to remove the plant entirely but to reduce the biomass to a level at which 52 
native woody plants can overtop and outcompete T. fluminensis. More recently, biological control 53 
methods including three species of criocerine beetles and a fungus have been tested for release in 54 
New Zealand (Fowler et al., 2013).  55 
A demographic model for the life-cycle of plants in the Commelinaceae family, of which T. fluminensis 56 
is a member, has been proposed  (Burns, 2008). However, this is not applicable for T. fluminensis in 57 
invasive areas, such as Australia and New Zealand, where the plant does not seed and only spreads 58 
vegetatively.  Instead, mathematical models of T. fluminensis have focused on growth of the mat via 59 
the branching of nodes to form new growing tips and stems. For example, James et al. (2015) derived 60 
a model for the number of tips and nodes in a plant and used this to investigate the effectiveness of 61 
control methods targeting different parts of the plant. This model was based on ordinary differential 62 
equations describing change in the number of plant tips and nodes over time and was parameterized 63 
with data from field experiments. Spatially unstructured models, such as those referred to above, only 64 
capture aggregate properties of the plant and cannot account for any structure or spatial variation 65 
within the mat. Hogan & Myerscough (2017) modelled the density of tips and leaves and investigated 66 
how these spread horizontally during mat growth. This model included self-shading via a simple 67 
equation representing branching rate as a function of leaf density, but did not explicitly model vertical 68 
variation in plant biomass or light intensity. Other models of plant growth and architecture exist in the 69 
literature (e.g. Jaeger & De Reffye (1992), Prusinkiewicz (2004), Yan et al. (2004), Sellier et al. (2011)) 70 
but most of these do not link growth and structure with the degree of light absorption by plant 71 
biomass. Conversely, there are numerous models of the effects of shading on plant populations (e.g. 72 
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Brunner (1998), Perry et al. (2003), Vance & Nevai (2007), Adams et al. (2013)), but these focus on the 73 
effects of shading by one plant on another as opposed to self-shading.  74 
In this study, we develop a mathematical model for the growth of a T. fluminensis mat in the vertical 75 
direction that explicitly links vertical variations in plant biomass and variations in internal light 76 
intensity due to absorption. We collected empirical data on biomass and light intensity from T. 77 
fluminensis plants grown under glasshouse conditions and used these to parameterize the model. By 78 
calculating a height-dependent energy balance between photosynthetic biomass production and 79 
metabolism, the model predicts the resulting biomass-height profile and the steady state height of 80 
the mat. We use the model to investigate the outcomes of different scenarios, such as high versus low 81 
ambient light or metabolic rate. This allows us to calculate the threshold ambient light intensity below 82 
which the mat is predicted to die.  83 
 84 
Experimental methods 85 
Four replicate T. fluminensis mats were grown in a glasshouse at the University of Canterbury, 86 
Christchurch, New Zealand between November 2015 and June 2016. Each of the four replicates 87 
consisted of four T. fluminensis plants, each in a 50 cm by 25 cm by 5cm high rectangular pot 88 
containing 5 cm depth of potting mix. The four pots in each replicate were arranged in a two by two 89 
configuration. A rectangular container, extending to a height of 40 cm above the surface of the potting 90 
mix, was placed around the pots to contain the plants as they grew. During the experimental period, 91 
the plants were watered daily by an automated sprinkler system. Over time, the four plants in each of 92 
the replicates coalesced and became indistinguishable, forming a single 100 cm by 50 cm mat of up to 93 
40 cm in height. 94 
At the end of the experiment, in June 2016, the light intensity and biomass profile within each of the 95 
four replicate mats were measured as follows. A light meter (Onset Computer Corporation HOBO UA-96 
002-64 Pendant Temp/Light version 1.0.8, Serial Number 9742171) was used to measure light 97 
intensity (in lux) at four different heights within the central portion of the mat created by the four 98 
coalesced plants. The light meter automatically logged light intensity at 1 s intervals. Each 99 
measurement was obtained by holding the light meter stationary for a period of 20 s and averaging 100 
the 20 logged intensities. The first such measurement was made on the surface of the mat, which was 101 
at a height of 40 cm above ground level. Subsequent light measurements were then made at heights 102 
of 30, 20, 10 and 0 cm above ground level. To obtain light intensity relative to ambient, each of the 103 
four measurements within the mat was divided by the surface measurement made at the start (top) 104 
of the sequence. This sequence of measurements (heights 40, 30, 20, 10, 0 cm) was immediately 105 
repeated three times, giving a total of three relative light intensity measurements at each height and 106 
for each replicate mat.  107 
After the light intensity measurements were complete, each of the four mats was cut into four 108 
horizontal layers of 10 cm thickness (Fig. 1a) and the biomass in each layer collected and placed in 109 
paper bags. Prior to this, any excess biomass flowing over the sides of the container was removed 110 
using scissors to ensure that each harvested layer had the same horizontal area (100 cm × 50 cm). 111 
Bags of biomass were dried in an oven at approximately 80°C for two weeks and then weighed. The 112 
bags were then weighed and their masses deducted to derive the dry plant biomass.  As each layer 113 
consisted of the biomass in a 0.5 m2 (100 cm × 50 cm) horizontal cross-section of the mat, the biomass 114 
measurements were divided by 0.5 to obtain the biomass per m2 of horizontal cross-sectional area. 115 




Experimental results 118 
The measured biomass in the 100 cm × 50 cm × 10 cm layers ranged from a minimum of 116.66 g (mat 119 
3, 30-40 cm height) to a maximum of 455.17 g (mat 1, 0-10cm height). This corresponds to a range in 120 
biomass per unit volume of 2333.2 g m-3 to 9103.4 g m-3. In each of the four mats, the biomass per 121 
unit volume decreased with height from an average of 7580 g m-3 at 0-10 cm height to 2550 g m-3 at 122 
30-40 cm height. The complete dataset is provided in Supplementary Table S1. 123 
Figure 1b shows the relationship between relative light intensity 𝑙 at a particular height and the total 124 
dry biomass 𝑤 above that height (calculated by summing the biomass per unit horizontal area in the 125 
layers above the height at which the light intensity measurement was made). Note that biomass above 126 
height ℎ, rather than height itself, is the relevant variable to use because light intensity will be higher 127 
in a low-density mat than in a high-density mat at the same height. A relationship of the form log⁡(𝑙) =128 
−𝜇𝑤 was fitted to the data using least squares regression (dashed blue line in Fig. 1b). The light 129 
absorption coefficient 𝜇 was estimated as 𝜇 = 0.00334 m2 g-1 (𝑝 < 0.001, 𝑟2 = 0.57).  130 
 131 
Mathematical model 132 
We develop a model that captures the structure of a T. fluminensis mat by quantifying the vertical 133 
profiles of biomass and light intensity relative to ambient light intensity at the surface of the mat. We 134 
assume that the mat is horizontally homogeneous and only varies in the vertical direction. Horizontal 135 
growth of the plants making up the mat may take place at the edges of the mat but this is ignored. 136 
This assumption effectively reduces the problem to a one-dimensional model with height ℎ as the 137 
independent variable (Fig. 2). We divide the mat into 𝑁 thin layers, each of equal thickness 𝛿ℎ. The 138 
model output is the biomass per unit volume 𝜌𝑖(𝑡) in layer 𝑖 at time 𝑡.  139 
The experimental results show that plant biomass is denser at deeper levels within the mat. We 140 
hypothesize that this is primarily due to compression of the mat by its own weight, which is consistent 141 
with qualitative empirical observations. We model this by assuming that there is a maximum biomass 142 
per unit volume in layer 𝑖, 𝐾𝑖, which is a linearly increasing function of the total biomass above layer 143 
𝑖: 144 




Here, 𝑐0 is the maximum biomass per unit volume of the upper, uncompressed layers of the mat and 145 
𝑐1 is the extent to which maximum biomass per unit volume increases with depth as a result of 146 
compression (i.e. the compressibility of the mat). 147 
Incident light is absorbed by the mat as it penetrates downwards. The light intensity reaching layer 𝑖, 148 
relative to ambient light intensity, is taken from the experimental relationship 𝑙𝑖 =149 
exp(−𝜇𝛿ℎ ∑ 𝜌𝑗
𝑁
𝑗=𝑖 ), where 𝜇 (with dimensions area per unit mass) is the light absorption coefficient. 150 
We consider two mechanisms that change the biomass in a given layer: settlement, in which biomass 151 
moves from one layer to the layer immediately below as a result of compression; and biomass 152 
production/decay which is calculated via an energy balance between photosynthesis and metabolism. 153 
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Settlement. Biomass settles from layer 𝑖 + 1 into layer 𝑖 at a rate proportional to the biomass per unit 154 
volume 𝜌𝑖+1 in layer 𝑖 + 1 and the space available in layer 𝑖, 1 − 𝜌𝑖/𝐾𝑖. Hence the net change in 155 







) −⁡𝜌𝑖 (1 −
𝜌𝑖−1
𝐾𝑖−1
)) ⁡𝛿𝑡, 157 
where 𝜆𝑠 is the settlement rate coefficient (with dimensions distance per unit time). The division by 158 
the layer thickness 𝛿ℎ ensures the model is insensitive to the choice of 𝛿ℎ, provided it is small.  159 
Biomass production/decay. This mechanism is calculated at the level of the entire mat and its output 160 
is then apportioned amongst the appropriate layers. Energy available to the plants comprising the mat 161 
comes from photosynthesis and the rate of photosynthesis in a given layer is assumed to be 162 
proportional to the product of the biomass and the light intensity in that layer. Hence the total rate of 163 





where 𝜆𝑝 (dimensions time
-1) is the photosynthesis rate coefficient. The value of 𝜆𝑝 will be 166 
proportional to the ambient or external light intensity, so by varying this parameter we will explore 167 
the effect of ambient light intensity, possibly induced by artificial shading, on model outcome. 168 
Energy is required for basic metabolic processes and maintenance (Cannell & Thornley, 2000). We 169 
assume that the biomass demand due to respiration 𝑃𝑟  (per unit area per unit time) is proportional to 170 





Here 𝑘 (dimensions time-1) is the respiration rate coefficient. Excess energy not used for respiration is 173 
used for growth. If the excess energy is negative then the mat is not able to maintain itself and it 174 
decays at a rate proportional to the energy deficit. To capture this energy balance, we define the net 175 
biomass production rate 𝑃𝑔 (per unit area per unit time) as 176 







If 𝑃𝑔 > 0 the mat is growing. This overall net increase in biomass must then be apportioned across the 178 
layers. This is done by assuming that new growth into layer 𝑖 occurs from the layer immediately below 179 
and is proportional to the biomass per unit volume in the layer below, 𝜌𝑖−1, the light available in the 180 
layer below, 𝑙𝑖−1, and the space available, 1 − 𝜌𝑖/𝐾𝑖, in layer 𝑖. Hence, growth is partitioned into layer 181 
𝑖 in proportion to 𝜌𝑖−1𝑙𝑖−1(1 − 𝜌𝑖/𝐾𝑖). 182 
If 𝑃𝑔 < 0, the mat undergoes biomass decay due to the energy deficit. Field observations show that 183 
most biomass loss occurs from the basal part of the plant closest to the ground (James et al., 2015). 184 
We therefore apply the biomass loss term only to the part of the mat below height ℎ𝑑. The resultant 185 












∑ 𝜌𝑗−1𝑙𝑗−1(1 − 𝜌𝑗/𝐾𝑗)
𝑁
𝑗=1





, if⁡𝑃𝑔 < 0,
⁡⁡⁡⁡⁡⁡⁡ 187 
where 𝑈 is the Heaviside function. In the case of a net energy deficit (𝑃𝑔 < 0), this term distributes 188 
the biomass loss in proportion to the biomass in each of the layers below height ℎ𝑑.   189 
Combining the settlement and biomass growth/decay terms above and letting the time step 𝛿𝑡 → 0, 190 
















∑ 𝜌𝑗−1𝑙𝑗−1(1 − 𝜌𝑗/𝐾𝑗)
𝑁
𝑗=1





, if⁡𝑃𝑔 < 0.
⁡⁡⁡⁡⁡⁡⁡ 
(2) 
For the layer closest to the ground there is no biomass loss due to settlement and no biomass increase 192 







𝜌2(1 − 𝜌1/𝐾1) + {





, if⁡𝑃𝑔 < 0.
⁡⁡⁡⁡⁡⁡⁡ (3) 
 195 
Initial conditions and parameter values. For numerical simulations of the model, initial conditions 196 
and parameter values need to be specified. Based on the experimental biomass measurements, we 197 
set 𝑐0 = 0.25𝜌max  where 𝜌max = 9103.4⁡g⁡m
−3 was the highest recorded biomass per unit volume. 198 
This means that the upper, uncompressed layers of the mat can grow to a biomass that is 25% of the 199 
maximum recorded. We set 𝑐1 = 3.47⁡m
−1, which means that the maximum biomass per unit volume 200 
in a mat of 40 cm height is equal to 𝜌max. The photosynthesis and respiration rate constants 𝜆𝑝 and 𝑘 201 
are phenomenological parameters that cannot be measured directly. These parameters were chosen 202 
to make the model output comparable to the experimental observations (i.e. a mat which grows to 203 
approximately 0.4 m in height in around 200 days). The values used (𝜆𝑝 = 0.1 day
-1 and 𝑘 = 0.015 204 
day-1) imply that a unit of biomass can, in completely unshaded conditions, photosynthesize 10% of 205 
its own mass per day, and has a respiration cost of 1.5% of its own mass per day. The settlement rate 206 
coefficient 𝜆𝑠 does not affect the steady state mat biomass or height (see “Steady state” below), only 207 
the rate at which the steady state is attained. Again, the value of 𝜆𝑠 = 0.004 m day
-1 was chosen so 208 
that the mat was approximately at steady state within a 200 day period. We set the decay height to 209 
be ℎ𝑑 = 0.05 m as most of the biomass decay occurs at the plant’s basal nodes, which are up to 210 
approximately 5 cm above ground level (James et al., 2015). Model behavior is insensitive to this 211 
parameter provided it is larger than the layer thickness 𝛿ℎ, which we set as 0.002 m. Table 1 shows 212 
model variables and parameter values. 213 
The system of differential equations (2) and (3) was initialized with 214 
𝜌𝑖 = {





This represents a mat with a relatively low initial biomass and a height of 0.1 m. Different initial 216 
conditions produce the same long-term results, provided that initial conditions are such that the 217 
biomass per unit volume does not exceed the maximum biomass per unit volume in any layer. The 218 
equations were solved with Matlab’s ordinary differential equation solver ode45.  219 
 220 
Model results 221 
Steady state. For the mat to reach steady state there must be no net production of biomass and the 222 





𝑗=1 . If the layer thickness 𝛿ℎ is sufficiently small, the biomass in layer 𝑖 can be approximated as 224 




exp (−𝜇 ∫ 𝜌(𝑦)
𝐻
𝑥




Evaluating the integrals and using 𝑀 to denote the total plant biomass per unit area ∫ 𝜌(𝑥)𝑑𝑥
𝐻
0
 gives 227 
𝜆𝑝
𝑘𝜇
(1 − 𝑒−𝜇𝑀) = 𝑀. 228 
This equation has two solutions for the steady state mat biomass: 𝑀 = 0⁡and 𝑀 = 𝑀∗. The nonzero 229 
steady state 𝑀∗ is positive provided 𝜆𝑝/𝑘 > 1. There is a transcritical bifurcation at 𝜆𝑝/𝑘 = 1, and for 230 
𝜆𝑝/𝑘 < 1  the steady state 𝑀
∗ becomes infeasible (𝑀∗ < 0) and the zero steady state becomes stable. 231 
Since the value of 𝜆𝑝 is determined by the ambient light intensity, this bifurcation translates to a 232 
minimum light intensity required for viability of the mat. If the light intensity falls below this level, the 233 
mat is predicted to die.  234 
The structure of the steady state equation above shows that the long-term biomass of the mat is 235 
determined only by the light absorption coefficient 𝜇 and the ratio of the photosynthesis to the 236 
respiration rate ratio 𝜆𝑝/𝑘, and is independent of the other model parameters and the shape of the 237 
vertical biomass profile 𝜌(𝑥). Hence the steady state results are robust to model assumptions about 238 
how biomass is distributed vertically within the mat. Increasing (or decreasing) the values of 𝜆𝑝 and 𝑘 239 
while maintaining a constant ratio means that the system evolves more rapidly (or slowly) to the same 240 
steady state. 241 
Calculating the steady state mat height 𝐻 from the steady state biomass 𝑀 requires the vertical 242 
biomass profile 𝜌(𝑥) to be calculated. Consider the uppermost layer with non-zero biomass (i.e. such 243 
that 𝜌𝑖 > 0 and 𝜌𝑖+1 = 0). Since there is no settlement into the layer from above, there must be no 244 
settlement out of the layer. This can only be true if layer 𝑖 − 1 is at its maximum biomass,  𝜌𝑖−1 =245 
𝐾𝑖−1, which in turn requires 𝜌𝑖−2 = 𝐾𝑖−2, and so on for all layers. Therefore, the steady state consists 246 
of a mat in which each layer is compressed to its maximum biomass (except possibly the uppermost 247 
non-empty layer). Again, approximating 𝜌𝑖  by the continuous function 𝜌(𝑥), the biomass profile that 248 
satisfies the definition of 𝐾𝑖 in Eq. (1) is 249 
𝜌(𝑥) = 𝑐0𝑒
𝑐1(𝐻−𝑥), 250 
where 𝐻 is the total height of the mat (i.e. the height of the uppermost non-empty layer). Substituting 251 
this profile into the equation 𝑀 = ∫ 𝜌(𝑥)𝑑𝑥
𝐻
0
 gives the steady state height 𝐻 in terms of the total 252 









) . 254 
Figure 3 shows how the steady state height 𝐻 depends on the photosynthesis to respiration rate ratio 255 
𝜆𝑝/𝑘, showing the transcritical bifurcation at 𝜆𝑝/𝑘 = 1. These results are qualitatively consistent with 256 
field observations of Kelly and Skipworth (1984a) which suggested a minimum light intensity of around 257 
0.5% of open ground for viability of the plant, and a mat biomass that increased linearly with light 258 
intensity. 259 
Numerical results. Figure 4 shows how the biomass and light intensity profiles evolve through time 260 
for a mat above the critical ambient light intensity (𝜆𝑝 > 𝑘). The mat initially has relatively low biomass 261 
and a height of 10 cm (Fig. 4a). Through a combination of new biomass production and settlement, 262 
the biomass quickly grows to the maximum biomass per unit volume in the 10 cm high mat (Fig. 4b).  263 
Once this has occurred, the majority of new biomass production is confined to the uppermost layers 264 
of the mat, where there is high light intensity and, more importantly, space to grow. Over time, this 265 
new biomass causes compression of the mat, leading to increased biomass per unit volume in the 266 
lower layers (Fig. 4c-e). As the total biomass increases, the net biomass production approaches zero 267 
and the mat growth slows down (Fig. 4f). After 200 days, the mat height of 0.40 m and biomass profile 268 
are close to the analytical steady state (dashed curve in Fig. 4f). The biomass profile is also consistent 269 
with the range of experimental observations (open circles in Fig. 4f). Figure 5 shows a time series of 270 
the total mat biomass; eventually, the total biomass reaches the analytical steady state biomass 𝑀∗ 271 
and the mat ceases to grow. If the ambient light intensity is below the critical level (𝜆𝑝 < 𝑘), the 272 
biomass reduces over time and eventually the mat shrinks to zero height and biomass.  273 
 274 
Discussion 275 
We have presented a simple model for the growth of a Tradescantia fluminensis mat, partly 276 
parameterized using data on light intensity and biomass in experimentally grown mats. The model 277 
predicts that the height of the mat formed by the plant depends on the ambient light level and there 278 
is a critical light level below which the mat can no longer survive, which is consistent with field 279 
observations (Kelly & Skipworth, 1984a). Unfortunately, the model could only be compared to the 280 
data sampled at a single point in time in this experiment due to the destructive sampling methods 281 
used. A larger scale experiment would be needed to quantitatively compare the model predictions 282 
with data over time to enable the biomass compression model to be validated. 283 
The experimentally grown mats reached dry biomass densities of 1294 – 2728 g m-2 and the model 284 
was parameterized to be consistent with this. These biomass values are higher than field observations 285 
of T. fluminensis in New Zealand: for example Kelly & Skipworth (1984a) recorded a mean dry biomass 286 
of 455 g m-2 and a maximum of 1400 g m-2. It is likely that the experimentally grown plants experienced 287 
better growing conditions (regular watering, shelter from wind and frost, protection from herbivory) 288 
than is typical in the field. In addition, the experimental setup meant that all new plant growth was 289 
constrained to stay in the 0.5 m2 container rather than being able to spread horizontally. This may 290 
have led to higher biomass per unit area than would be seen in a comparable unconstrained mat. 291 
Hence, to reproduce non-experimental conditions, it may be necessary to reduce the maximum 292 
biomass density and the photosynthesis rate parameters. 293 
The model is mathematically robust in that it is insensitive to initial conditions provided these are 294 
ecologically sensible, e.g. starting with a top-heavy biomass profile may lead to spurious results. The 295 
qualitative model predictions are also independent of the parameter values within reasonable ranges. 296 
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Given these caveats, the biomass profiles produced by the model are similar to those expected. The 297 
key prediction is that the mat will no longer be viable if the ambient light intensity drops to such a 298 
level that the plant’s photosynthesis rate is less that its respiration rate. For the parameter values used 299 
in the numerical simulations, this would require a reduction in ambient light intensity by a factor of 300 
approximately 7. Kelly & Skipworth (1984a) observed that mat death only occurred when the light 301 
intensity was less than 4% of the light intensity of open ground. It is possible that, at high light levels, 302 
the plant’s photosynthesis rate is a nonlinear function of light intensity and becomes limited by other 303 
variables such as nutrient availability. This hypothesis could be tested by performing experiments on 304 
mats with varying levels of shading. This would allow the model assumption on photosynthesis rate 305 
to be refined, resulting in more accurate predictions for the critical light intensity needed to make the 306 
mat non-viable.  307 
Our model, which focuses on vertical structure within a horizontally uniform mat, is complementary 308 
to that of (Hogan & Myerscough, 2017), which focuses on horizontal spread of the mat. These two 309 
approaches could be combined to produce a model of interdependent vertical structure and 310 
horizontal spreading, which would lead to improved understanding of the plant’s growth and spread. 311 
Another aspect worthy of inclusion in future work is the stochastic nature of plant growth. This can be 312 
seen in the variability of the experimental results (Figs. 1b and 4f), but is not possible to capture in a 313 
deterministic model of the type developed here. For example, the respiration rate 𝑘 is variable among 314 
plants and is affected by temperature, tissue age, nitrogen content and atmospheric pollutants 315 
(Cannell & Thornley, 2000).  316 
Reducing herbicide use whilst still controlling weeds is an important conservation goal (McAlpine et 317 
al., 2018). The aim of T. fluminensis control is often to reduce the mat height to facilitate native plant 318 
species regeneration (McAlpine et al., 2017). Our model provides a starting point for testing the effect 319 
of control methods including the various types of biocontrol that are being proposed for T. fluminensis 320 
in New Zealand where it is an established pest. The model presented here accounts only for total plant 321 
biomass. In low-light conditions, the plant could change its allocation of resources from root and stem 322 
towards more photosynthetic material. This would change the energy balance at the plant level and 323 
this could make shading a less effective control measure. To investigate this in more detail, the model 324 
could be extended to account for the different parts of the plant, e.g. stems, leaves, nodes and their 325 
prevalence at different heights. This would allow more detailed modelling of specific biocontrol 326 
methods (Fowler et al., 2013; James et al., 2015). 327 
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Height of layer 𝑖 above ground level ℎ𝑖 
Biomass per unit volume in layer 𝑖 𝜌𝑖  
Maximum biomass per unit volume in 
layer 𝑖 as a function of biomass above 
layer 𝑖 










Photosynthesis rate coefficient  𝜆𝑝 = 0.1 day
-1 
Respiration rate coefficient  𝑘 = 0.015 day-1 
Settlement rate coefficient  𝜆𝑠 = 0.004 m day
-1 
Light absorption coefficient  𝜇 = 0.00334 m2 g-1 
Maximum uncompressed biomass 
per unit volume 
𝑐0 = 2275.8 g m
-3 
Rate of biomass increase as a result of 
compression 
𝑐1 = 3.47 m
-1 
Layer thickness  𝛿ℎ = 0.002 m 
Decay height  ℎ𝑑 = 0.05 m 
 335 
Table 1. Model variables and parameter values used for numerical results. Note that the key model 336 
output, the total mat biomass 𝑀 at steady state, depends only the light absorption coefficient 𝜇 and 337 
the photosynthesis to respiration rate ratio 𝜆𝑝/𝑘 and is independent of other parameter values.  338 
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  339 
(a)                                                                                      (b) 340 
Figure 1. Experimental setup and results. (a) Cross-section of one of four experimental replicate T. 341 
fluminensis mats (“mat 1”) of approximately 40 cm height, shown part way through the biomass 342 
collection procedure. The total dry biomass in each of the four layers shown was measured. (b) Data 343 
on light intensity (relative to ambient) and total dry biomass above height 0, 10, 20, 30 and 40 cm 344 
from the four replicate mats. At each height and for each mat, there are three vertically aligned points 345 
corresponding to the three light intensity measurements; for each mat, height decreases from left to 346 
right (see Supplementary Material Table S1 for data). Dashed blue line shows fitted exponential 347 
relationship log⁡(𝑙) = −𝜇𝑤 between light intensity (𝑙) at a given height and biomass (𝑤) above that 348 








Figure 3: Bifurcation diagram showing the transcritical bifurcation. Steady state mat height 𝐻∗ as a 353 
function of the photosynthesis to respiration rate ratio 𝜆𝑝/𝑘 (stable = solid, unstable = dashed). As 354 
the plant’s photosynthesis rate is reduced, for example due to a decrease in ambient light levels, the 355 
steady state height of the mat decreases. At some point it reaches a critical level where 𝜆𝑝/𝑘 = 1  356 
where it undergoes a transcritical bifurcation; if the photosynthesis rate is reduced so that 𝜆𝑝/𝑘 < 1, 357 




Figure 4. Growth of a mat when ambient light intensity is above the critical level (𝜆𝑝 > 𝑘). Each graph 360 
shows the vertical profile of plant biomass (solid blue) and relative light intensity (solid red) and 361 
analytical steady state height 𝐻∗ (dashed black). Panel (f) shows the analytical steady state biomass 362 
profile (dashed blue) along with the experimental biomass measurements (open circles: blue = mat 1, 363 
red = mat 2, yellow = mat 3, magenta = mat 4) made at that time. Initial conditions correspond to a 364 
plant with biomass per unit volume 100 g m-3 and height 0.1 m. Parameter values as shown in Table 365 




Figure 5. Time series of the total biomass 𝑀 of the mat shown in Fig. 4. Horizontal dotted line shows 368 
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